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ij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y}jj¬RjEpwfR}jjUt
NfRs}ep ± f¢rrhCt¶uwfRx° ¨ hA}evj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Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex (France)
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sP·}e`fR©Pp½­jijUt/uwxPstJy`eJuwjEpGte}jUrEjxPyt«t'j%fPtJjxcyjx y`je`ij® ± uwxPy`jehRrEy'ufCxt
* sPuGPjUtJÒÈtJyve`srEy`s}e`jUt5jx!gReh9x}tjPpGhRrEjijxPyt° ¸ y'uyve`j« ± jE·}jiPpwjR~rEje`yhquwxt5rEfRiNfct`h9xPyt
PÂ¢PeEh9sPp{u´|Cs}jUts}yJu{p{uGtcjUt}h9xtNpwjUth9ifRe`y'u´tvtJjs}eth9s}yvfRifR©Pu{pwjUt¥rEfCifRevy`jxcyPjUtrvpGh9jyt_tJfRs}PpwjUt
|CsPu4tJjjEÀYfRe`ijxPyot'fRst¿p´h/}e`jUt`t¶uwfRx%Pjp ± PsPu{pjjx jUrEfRsPpwjijxPyU° ¨ je}jg9pGh9gRjPj»rEjUt¾rvp´hLjyt
jUtJyjEp{uGrh9yjy¾xojUrEjUt`t¶uwy`j5Pj*rEfRi}e`jxPevjrEfRii³jxcypGhAjEÀYfRe`i«hLyJuwfRx]PjUt¾rvp´hLjytjUtJyrEfRs}Ò
Ppjj,­hAp ± jUrEfCsPpji³jxcy5Pj5p ± csPu{pwji5uwxjeEhqpwjR° ¨ ji,+jij5yJÂcNj«PjA}e`fR©Pp½­jijtJj³e`jy`e`fRs}¬Cjjx
©PuwfRijUrh9xPuG|Rs}jfCs}epwjrhqpGrEsPp3 ± jUrEfRsPpwjijxPyttvh9x}gRsPuwxt}h9xtPjUth9evyÃ­je`jUtjEÀYfRe`iAh9©PpwjUtfRs
jx,h¥je`fCxh9s}yJuG|Rs}jNfRs}ep ± jy`sPj*PjUt¬Cuw©}eh9yJuwfRxt¾h¥je`fjEpGhRtJyJuG|Cs}jUtPj*gRehLxPjUth9iPp{uwy`sPjUt°
dfRs}e*y`fCstrEjUt}e`fC©Pp½­jijUt~_u{pjUtJy5jUt`tJjxPyJuwjEp» ± hq¬Rf9uwe*s}x}j%PjUtvrEeJuw}yJuwfRx h9st`t¶uzx}j|Rs}j
Nfct`t¶uw©PpwjPjp´h/g4jfRijy`eJuwjPs,tJf9p{uGPjjEÀÁfReviµjR°Pnj*t'f9p{u´PjjUtJyhRtvt¶uwi5u{p´hL©Ppjpwj*Ppwstt'fRs}¬RjxPy
­hªs}x}jrEf¢|Cs}j«jxÐgRehLx}t*jPpGhRrEji³jxcytÃ° ¨¿± jy`sPjAPj]rEjUt5rEf}|Rs}jUth9e5h9xhqpwÂ¢t'j]rvpGhRt`tu´|Cs}j
jx©hRt'jpwf}rhqpwj%jUtJyjEp{uGrh9y`j%rhLe*pwjifCs}¬RjijxPy/Pj³pGh,©hRtJj³pwf¢rh¯pj,h9srEfRs}et5PjApGh¹jÒ
ÀYfRe`i«hLyJuwfRx,jUtJyCu.-]rvu{pwjº­h gjevjejyy`fCs}y`jh9}}e`fq·cuwi«hLyJuwfRx ­hrEjxPuw¬RjUh9sºÀ½h9stvtJj5ÀYfRe`y`jijxPy
pwje}jUtJsPpwyh9yPs,}e`fC©Pp½­jijrEfRs}Pp¼jR°dfRs}erEjy`y`jehquGtJfRx~Nx}fRy`evj/hL}}e`f¢rv}j5s}yJu{p{u´t'j5pwjif}>­jEpwj
Pj%rEf}|Rs}jUt/g4jfRijy`eJuG|Cs}jijxPyjE·hRrEyÐjUrEeJuwyuwxjNjx}h9iijxPy«Pjy`fRs}yvj©hRtJj³pwf¢rhqpwjR~yvjEp
|Cs ± u{pojUtJy}e`fRNfctPj5h9e0/}°{n°9uwifªjyÄ5°èÄ5°SÕ}fq·21wU43È~Sjy*rEfCiPp¼jy}jhLepwjy`ehq¬9hqu{poPj]Ð°
nohLe`eJuw¬Rj01 43È°}fRstx}fRstPpGh5rEfRxtou´rvu¥}h9xt¿pwj*rhRPe`jPjUtrEf}|Rs}jUti5uwxrEjUtjy}e`fCfctJfCxts}x}j
h9}}evfU·Puwi«h9yJuwfRxÐPj«rEjif}>­jEpwjjx   ¡ Í  qË }¡6´ 787>  ~fCs®©Puwjxbh9e*PjUt!jEp¼jijxPytzxPuGt
rEfRxPÀYfRe`i³jUto ± ¸ e`gCÂceJuGt~CfRs©Puwjxh9ePjUtjEpji³jxcyt_zxPuGtx}fCx]rEfRxPÀYfRe`i³jUtPjyÂPjÄÅÆ91´'3È°
¸ }eU­jUts}x}j©}eÃ­j¬RjPjUt`rEeJuw}yJuwfRx,Psif}>­jEpwj*Pj*rEf¢|Cs}jgjfRijyveJuG|Rs}jijxPyjE·hRrEys}yJu{p{uGtcjR~
rEjyhLe`yJuGrvpwjuwxcyve`f¢PsPuwy¾pwjUtPjsP·¹h9}}e`fq·PuiAh9yJuwfRxth9ejEp¼jijxPytzxPuGt|RsPu¥fCxcyAjy}jj¬RjEpwfR}Ò
jjUtNfRs}ep ± f¢rrhCt¶uwfRx~Pjyu{p{pwstJy`e`jpwjs}erEfCifRevy`jijxPyh9e|Rs}jEpG|Cs}jUtrhqpGrEsPpGtt¶uwgRxPu{z>r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x}j,rEf¢|Cs}j%jUtJy³s}x fR©}Jjyy`e'u´CuwijxtufCx}x}jEpPfRxcy/p ± s}x}j¹PjUtACui³jxt¶uwfRxtrh9ehRrEy}jeJuGtJÒ
yJuG|Cs}jUtPO½p ± jhquGt`tJjs}e Q*jUtJy5ÀÈhquw©Ppwj%h9eeEh9}fRevy/hLsP· PjsP· h9s}yve`jUt° ¸ p ± hquGPj¹ ± PÂPfRy`­jUtJjUt
rvuwxjiAh9yJuG|Rs}jUthCjU|Csh9y`jUt~_p ± jyvsPj%Pj¹rEjyAfR©}Jjyjy]Pj,tJjUtjEÀÁfRevi«h9yJuwfRxtt'jeh9i%­jx}jb­h
s}x}e`fR©PpÈ­jij%©PuGCuwijxt¶uwfRx}x}jEp5ÀYfRe`i5sPp¼j¹t's}e]t`hÐtJs}eJÀÈhRrEjªif9ÂRjx}x}j%jx#rEfRxPzgRs}eEh9yJuwfRx Pj
e}jEÀ¯je`jxrEjR°
¨ jif}>­jEpwj*Pj*rEf¢|Cs}jUti5uwxrEjUt¾gjfCiµjy`e'u´|Cs}jijxPyjE·hRrEy}e}jUt'jxcy}j}e`jx fRs}euwxrEfRx}Ò
xPs}j%}eJuwxrvuwhqpwj,pGh!fct¶uwyJuwfRxPjpGh®tJs}e'À½hRrEji³f¯ÂCjx}x}j¹PjApGhbrEf}|Cs}j%jy«Pj,t`h,x}fRe`iAhqpwjb­h
rvhR|Cs}j*uwxtJyEh9xcyq°½p¿t ± jUrEeJuwy¾uxjjx}h9i³ijxcy*Pj5y`fCs}y`j*©hRt'jpwf¢rh¯pjROrhqpGrEsPpuwxcy`e'uxt­jU|Cs}j4Q
jyrh¯p´rEsPpwjpwjUtjEÀÁfCe`i«h9yJuwfRxtPj*i«hLxPu½­je`jjE·hRrEy`ji,+jijjx}e}jUtJjxrEj*PjgReh9x}tjPpGhRrEjÒ
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ijxPyt Oh9srEs}x}jh9}}evfU·Puwi«h9yJuwfRxAPjpGhgjfRijyveJuwjR~y`eh9xt'fRe`yjE·hRrEy'QE° ¸ }eU­jUt_p{uxjUh9eJuGt`h9y'ufCx~
u{ptJje}jUPsPuwyhLsif¢S­jEpwj*PjrEf}|Rs}ji5uwxrEjPjÅfLuyvje 1è43È°
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fctjUtJyPpGh9x}j³jy
|CsPu4x}j5tJs}©PuwyU~Sh9s¹jh9e`yU~}|Cs}jPjUtjEÀYfRe`i«h9y'ufCxtPj * jE·PuwfRx°>ÄhLxtpwjrhCtPjgReh9x}tjÒ
PpGhRrEjijxPyt~Ps}x}jPpGhR|Rs}je}jUt¶uGtJy`jh9st`t¶uSjx«i³ji©}eEh9x}jh9}eU­jUtjEÀYfRe`i«hLyJuwfRx5jyotJjrEfCifRevy`j
PfRxr>­jUtpwfReEtrEfRiijs}x}j5rEf¢|Cs}jR°
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¨± PÂcNfRy`­jUt'j%rvuxj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' ¨ jUtAPjgRe}jUt³Pjp{uw©je`y}j%s}yJu{p{uGt`h9xPyApGh®jeJuw¬jj%tJjUrEfCxPj¹x ± fRxcy5hRtA ± uwxPy`je`}e}jyh9yJuwfRxijUrhLxPu´|Cs}jjy5e`jxPjxPy«Cu.-]rvu{pjªpGh,}eJuGtJjjx rEfCi}y`jPjUtrEfRxCuwyJuwfRxtAh9sP·®p{uwi5uwy`jUt
rvuwxoji«h9y'u´|Cs}jUt°
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dfRs}etJs}e`i³fRxcyvjepwjUtCu.-]rEsPpwy}jUty`jUrv}xPuG|Rs}jUthCt`tJf}rvu¼jjUt*­h/p ± jEp¼jijxPyzxPu¿ ± ¸ e`gCÂceJuGt~fRx
tJj}evfRfct'j* ± s}yJu{p{u´t'jes}x}jh9}}e`fq·Puwi«h9yJuwfRxAh9ejEp¼jijxPyt¿zxPu´t¾i5u{·}y`jUtx}fRx%rEfRxPÀYfRe`i³jUtoPj
yJÂPjÄÅÆ OÄ¾uGt`rEe`jy`j5Å¾ueEr`}}fÆeJuGh9x}gLpj4QE°>Äh9xt¾rEjrhRt~¢p ± jUtJhRrEjCuGt`rEevjy»PjUttJf9pws}yJuwfRxt
hRPi/u´tvt¶uw©PpjUt/x ± jUtJyhRt¾uwxrvpwst5}h9xtp ± jUtJhCrEj«rEfRxPyJuwxcs  rEjUtªjEp¼jijxPyt~pGh9e`gRjijxPys}yJu{p{uGtcjUt
}h9xt»pwjUtgRehLx}trEf¢PjUt»uxPst'y`eJuwjEpGt~tJfRxPy»Pj«rvpGhRtvtJj   °S½pGtjevijy`y`jxPy*rEjjx}h9xPy*s}x}j
h9}}evfU·Puwi«h9yJuwfRxªy`eU­jUtz>S­jEpwj5PjUtrEf}|Rs}jUtÇi5uwxrEjUtt`hLxtrvuGt`hqu{p{pji³jxcyU°
¨ hijy`}f}PjbÄÅÆ 1w 3È~#1 $435|Rs}j®x}fCst%gjxjeEhqp{u´t'fRxt³uGrvu/NfRs}e¹PjUt,rEf}|Rs}jUtªgjfRijÒ
y`e'u´|Cs}jijxPyjE·hRrEy`jUt~rEfRxt¶uGtJyvjb­h®h9}}e`f}r`}je N jy«tJfCxbgReEhRCuwjxcy5uwxjjx}h9ii³jxcy5p ± s}x
Pj p ± h9s}y`e`j,}h9xtPjUt³jUtJhRrEjUtA ± jEpji³jxcyt  ~jy®­hªuwxPy`e`f}PsPuevj%s}x rEjevyhquwx x}fRi5©}e`j%Pj
rEfRxPy`eh¯uxPy`jUttJs}ep ± jUtJhRrEjCuGt`rEe`jyjxs}xx}fRi5©}e`jÇzxPu3Pjx}fPjs}tPj¾À½h5rEfRx%­h*t`h9y'u´tÀ½hquwe`j¾g9pwfRÒ
©hqpwjijxPypwjp{uwjxjxcyve`j6N jytJfRxgCehRCuwjxcyq°}njUtrEfRxPy`ehquwxPy`jUtt'fRxcypwjUt³jU|CsPuw¬¯hqpwjxPytCuGt`rEe`jyt
PjUt¾cÂPfCy`3­jUtJjUtPj5Å¾ueEr`}}fÒ ¨ f9¬RjR°
dfRs}ee`jUt'y`jeorEfRje`jxPyhU¬CjUrpGh*ijUrh9xPuG|Cs}jR~Rpwjy`je`ijPjiji5©}ehLx}jR~c|CsPu>x}j¾À½hquwy¿uxPy`je`Ò
¬RjxPuwe|Cs}jpGh*jeJuw¬jj}e`ji5u½­je`jPj6N ~RjUt'yorhqpGrEsPp¼j­h¾p ± hquGPj*PsgRehCCujxPyjE·hRrEyPj6N ~9yh9xCuGt
|Cs}jpwj*yvje`ij*Pj * jE·PufCx¹jUt'yrhqpGrEsPp¼j]­hp ± hquGPjPsgRehCCujxPyÄÅÆ OÈfRsh9}}e`f}r`j4QoPjEN °
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K x«x}fRyvj6N  jy  pwjUth9}}e`fq·cuwi«hLyJuwfRxtPj6N jy  N ° K xhLeJpwjeh*Pj  6w 7 Ë  )0  Í Ë
NfRs}e  O?N Q¥jyoPj  6w 7 Ë  	
	 qÊ Í   fCs}e  79O  N Q  ° K x]hPfRxr ;%k¾uwxrEfRx}xPs}jUt
jx,r`hR|Cs}j*Nf9uwxcyq°
K x«jEzxPuwy      # pwjUttJfRi³ijyt ± s}x5y`eJuGh9x}gLpj|Cs}jEp´rEfCx|Rs}j	 Psi«hqu{p{pGh9gRjPj,+'~ -! 
jy#" -  p´h/yh9x}gRjxPy`jjypGh³x}fRe`i«hqpwj*h9s%$  0 rK+fRy}j  	'&­hrEj*yveJuGh9x}g9pwj*jyfCxAuxPy`e`f}PsPuwypwjUtrEfPfRePfRx}xjjUt©h9e`Â}rEjxPy`eJuG|Rs}jUt  4t's}erEjy`eJuGh9x}g9pwjR°
dfRs}eh9}}e`f}r`}jex}fPtouxrEfCx}xcs}jUt~fRx%r`}fLu´tuy ± s}yJu{p{u´t'jepwjUt¾jUtJhRrEjUt ± jEp¼jijxPytzxPuGt
d ± 9ÒÈÔ¾je`i5uwy`jNfRs}eorvhR|Cs}jrEfRiNfct`h9xPy`jPj6N jyod9Ò ¨ h9gCeh9x}gRjfCs}eorvhR|Rs}jrEfRifPt`h9xPy`j
Pj  N rEj|CsPuÀ½hquwy*

; k

k 7 kRPjgRe}jUtPj5p{u©Nje`y}j/hA}e'ufCeJuh9ey`eJuGh9x}gLpjR° K xÐtJj
ehLi ­jx}j*­h)6PjgRe}jUt¥Pjp{uw©jevy¢jh9ey`e'u´hLx}g9pwj#O¾h9ex}fcjs}t Q¥jxuwifctvh9xcy¿pwjUtrEfRxcyvehquwxcyvjUt
õYö¥÷3õGø
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tJsPuw¬9h9xcyvjUttJs}eÇpjgRehRCuwj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'  Í Ê 7 Ë 6 7 Ë  }¡  £ 01¡ Ê ¤b¤,  Ë ¡  &C~
$ 7 _IZIè  pwjAgRehRCuwjxPyh9}}e`f}rvojPj N jUt'yjE·hCrEyh9sP·%tJfRiijyEtoPj5r`hC|Rs}jy`eJuGh9x}g9pwj 
  O &4Q 7   N  O &4Q  OE $KQ
' Í Ê 7 Ë 6 7 Ë  }¡07 Ê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 £ Ë 6  7  Î´ E pwjgReh9ÒCuwjxcyh9}}e`f}r`jox}fCe`i«hqp4­hs}x«rK+fCy¢jjUtJyp{uwxojUhquwe`jjyjUtJyPfRxrs}xPuG|Rs}ji³jxcyjyvje`i5uwxoj
h9etJjUtÇ¬¯hqpwjs}eth9sP·%tJfRiijyEt 
O   F 1  O?N $Q[O @QM3   Q  " -! 7tJs}e  	'&  OEUKQ
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 £ Ë 6  7  Î´ E pjgRehRCuwjxPyyh9x}gCjxcyJuwjEp¥jUt'yjx%if9ÂRjx}x}jjE·hRrEyt's}er`hC|Rs}j*rK+fRy}j
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Äs5ÀÈhquwyoPsr`}f9u{·]Pj¾p ± jEpjijxcyzxPuSfRs}e   ~crEjUtPje`xPuÈ­jevjUtrEfRxPy`ehquwxPy`jUtt'fRxcy¬ceEhquwjUt
pwf¢rhqpwjijxPyjyp ± fRx%Njs}y%jUrEeJuwe`j 
O   F  O?N  Q[Q   -  7 tJs}e  	 & I OJRKQ
njr`}f9u{·«PjrEfRxPy`eh¯uxPy`jUtx}fRstNje`ijyPjrhqpGrEsPpwje  jx5ÀYfRxrEyJuwfRx«Pj-N  jyo ± fC©}y`jxPuwe
s}x}jjE·¢}e`jUtvt¶uwfRx%h9xhqpwÂPyJuG|Rs}j5hRt`tJj
t¶uwiPpwjPsgReEhRCuwjxcyhL}}e`f¢rvjjxAÀYfRxrEyJuwfRx%PjUtPjgRe}jUt
Pj2p²uw©Nje`y}j5PjEN °
 0
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dfRs}ePpwstPj*tui³Pp²uGrvuwy}jR~Sx}fRsty`ehq¬9hqu{p²pwfRxttPjh9e}ji³jxcy¿pj2pwfRx}g«PjrvhR|Cs}jCuwe`jUrEyJuwfRx
rh9evy¢jUt¶uwjx}x}jjyx}fRy`fRxt
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Äh9xtpwjUt¾jUtJhRrEjUt ± jEp¼jijxPyt¿zxPuGtr`}f9uGt¶uGt~    jy     t ± jE·¢}eJuwijxPytJs}e»rvhR|Cs}j5y`eJuwÒ
h9x}gLpjh9e
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¨ h}eJuGtJjjx«rEfCi}y`jPjUtrEfRxPy`eh¯uxPy`jUtPjÅ¾uwerv}}fÒ ¨ f9¬RjCuGt`rEeU­jy`jUtx}fRstNje`ijyhqpwfReEt
Pj5t¶uwiPp{u²zjep ± jE·}}e`jUt`tufCxºPj  
' pwjUt¥krEfCxcy`eEhquwxcy`jUtSh9sP·x}fPjs}tNje`ijy`y`jxPy¥ ± jE·}}eJuwije  O  Qjx2ÀÁfRxrEy'ufCx*Pj   O  Q°
K x¹hPfCxr
 O MQ7   O @Q 
' pwjUt*rEfRxPy`ehquwxPy`jUtEx}fRevi«hqpwjUt³je`ijyvy`jxcy*Pj/p²uwje2pjUtrEfRiNfct`h9xPy`jUtPj  jxcyve`jjEp{pjUtÃ°Rp{pwjUtjE·¢}eJuwijxPy|Cs}j      jUt'y¥xjUrEjUt`t`hquwe`jijxPyrEf9p{uxjUhquwe`johLs*¬RjUrEy`js}e       
 7 !    O MQ   ;b                
' pwjUtrEfRxPy`eh¯uxPy`jUt¼yh9x}gRjxPyJuwjEp{pjUtje`ijyvy`jxcy ± jUrEeJuwe`jotJs}ervhR|Rs}jrK+fRy}jPs*y`eJuGh9x}gLpjp ± jU|Csh9yJuwfRx Cu »je`jxPyJuwjEp{pwj 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|RsPut ± uwxPyU­jgCe`jÀÈhRrvu{pwjijxPy«NfRs}e«PfRx}x}je
jE·¢Pp{uGrvuwy`jijxPy jxAÀÁfCxrEyJuwfRx¹PjUtPjgCe¢jUtPjp{uw©jevy¢j5Pj*s 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jUtJys}x}j*i³f¯ÂCjx}x}j*PjpGhje'u¬jjtJjUrEfRxPj5Pj*s%tJs}e    °
njgRehRCuwjxPyh9}}e`f}rvoj*hquwxt¶u4rEfCxtJy`e`sPuwyNfct`t­jUPj*PjUt}e`fC}eJu¼jy}jUthLe`yJuGrEsPp{u½­je`jUt 
' u{p>jUtJyrEfRxPyJuwxPsjxy`fRs}yNf9uwxcyPs«rEfRxPy`fRs}e ± s}xjEp¼jijxPyhU¬CjUrs}x}j¬¯hLeJuGh9yJuwfRx5p{uwxojUhquwe`jfRs}e O  N Q   " jy|RshRPeEh9yJuG|Rs}jNfRs}e O  N Q    ~
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' u{p»jNjxPjpGh,gjfRijy`eJuwj«PsÐy`eJuGh9x}g9pwj%rEfRxt¶uGje¢j OÈjx rEfRxPzgRs}eEh9yJuwfRx +'UQ2rhLe*pwjUtcÂPfCy`3­jUtJjUtÄÅÆx}j«tJfCxcyhRth-«x}jUt¾uwxP¬¯h9e'u´hLxcy`jUt OÈjEp{pwjUtÀYfRxcy¾uwxcyvje`¬RjxPuwepwjUtx}fCe`Ò
i«hqpwjUtWQ°Nxe`j¬9h9xr`}jR~  0 jUtJyÇuxPy`eJuwxt­jU|Rs}jR~
' u{p¥jUtJyjE·hRrEyNfRs}es}x%jPpGhRrEjijxPy»|CshRPeh9y'u´|Cs}jR~
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
HR~
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K x rEfRihLe`jx}fRy`e`j%rh¯p´rEsPp0OÄÅÆx}fCxp{uwxojUhquwe`j4Q%­hªpGhbt'f9pws}yJuwfRx h9xh¯pÂPyJuG|Cs}j%jy¹­hºpGh
tJfLps}y'ufCx%fR©}y`jxPs}jhU¬CjUr¾p ± jEp¼jijxPyzxPuÄÅÆ d4pGhR|Rs}juwiPpjijxcy}j}h9xtpwj*rEf¢Pj*ªf}PsPpwjEÀ'°
¨ jUt¾e}jUtJsPpwyh9yttJfRxPy|CshRt¶uwÒ<uGPjxcy'u´|Cs}jUt OYzg°NKQ°
YpjUtJye`ji«h9eE|Rsh9©Ppwj*Pjx}fRyvjeo|Cs}j*tJs}erEjyjE·¢ji³PpjR~¢pjUtÇi«h9y`eJuGrEjUtPjeJuwg9uGCuwy}jªjEpjijx}Ò
yh¯uevjUtfR©}y`jxPs}jUthq¬RjUrx}fRy`e`jÐjEp¼jijxPyjy*hU¬CjUrp ± jEp¼jijxPy»ÄÅÆ1d4pGhR|Rs}jtJfRxPyeJuwgRfRs}e`jstJjÒ
ijxPyuGPjxcy'u´|Cs}jUt° ¨ jUtCu »je`jxrEjUtPj5e¢jUtJsPpwyhLy»tJfCxcy*Pst­hAs}x®yvehquwy`jijxPyuwihLeJÀ½h¯uy*Ps
tJjUrEfCxiji5©}e`j,jEp¼jijxPyhquwe`jfRs}e¾p ± jEpji³jxcyÄÅÆ#d4p´hC|Rs}jR°
H= <  $ C$FDL C$IE ! J)  LMBGE$L	&HI ! G ! J FDE$G !  L   F
njyvjUtJyjUtJyrh9ehRrEy}jeJuGtJyJuG|Cs}j» ± s}x}j*rEf}|Cs}j*|RsPue}jUt¶uGtJy`jjUt`t'jxcyJuwjEp{pwjijxPyjx«iji5©}ehLx}jR°
K xbrEfRxt¶uGS­jevjs}x}jAy`f9uwy`s}evj/rEÂCp{uwxPeJuG|Rs}j%PjeEhUÂCfRx¹Pj«rEfCs}e`©}s}e`j 7CR5uwxrv}jUt~¥Pj
pwfRx}gRs}js}e 	 7 kRR uwxrv}jUtjy« ± jhquGt`tJjs}eH 7  uwxrv}jUt°RfCxif¢PsPpwj,PjfRs}x}g®¬¯hLs}y
 7 R pw©uwx 0 jytJfRx%rEfPjW-]rvuwjxcyPjdf9uGt`t'fRxjUtJytJs}}NfctPjxcsPpÈ°
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POUTRE en FLEXION sous Chargement uniforme (0.026 bars) - Domaine LINEAIRE
solution analytique
DKT Coque
DKT Plaque
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njy`y`j5y`f9uwy`s}evjjUtJy*NfctPjj/hLsP·!PjsP·ÐjE·¢y`e}ji5uwy}jUtrEfRs}ev©jUtjyjUtJyt'fRs}i5uGtJj¹­h s}xbr`hLe`Ò
gRji³jxcys}xPu{ÀYfRe`ij«hCt`t¶uwi5u{pGh9©Ppwjº­h³pGhAgRehq¬Cuwy¢jR° ¨ jUttJÂPijyveJuwjUte`jxrEfCxcy`e}jjUtjevijy`y`jxPy»Pj
ehLijx}jep ± jyvsPj*Ps%}e`fR©PpÈ­jij«­htJjsPpwjijxPy UPjpGhyvf9uwy`s}e`jR°
K xbt ± uwxPy¢je`jUtvtJjh9s®jPpGhRrEjijxPyPs®Nf9uwxcy5rEjxcyvehqpoÓjy*Ps®Nf9uwxcy2p´hLy¢jeh¯pon#jy2p ± fRx
e`jgPh9ePjpGh«rEfCxc¬RjevgRjxrEj¬RjetpGht'f9pws}yJuwfRx¹Psª}e`fR©Pp½­jijp{uwxjUh¯uevj OYzg°NKQ°
H=   $ J F&HI !  ! I E$F  FDBG ! G !  L " F
njy`jUtJyrEfRs}Ppwje}jUtu´t'yh9xrEjjx * jE·PuwfRxjye}jUt¶uGtJyhLxrEjjx«i³ji©}eEh9x}jjyjUt'ys}xrhRtrvpGhRtJÒ
t¶uG|Cs}jPj * h9i5©jijxPyPjrEf}|Cs}jR°
K xbrEfRxt¶uGS­jevjs}x}j]rEf}|Cs}jjsÐ}e`f9ÀYfRxPjPOYuÈ° jR°NÀÈhquw©PpwjijxPy/rEfCs}e`©ojj«hLs¹evjfctWQrEÂRp{uwx}Ò
PeJuG|Cs}jPjehqÂRfCx«Pj*rEfRs}e`©}s}e`j  7 C9ci³iÏjyPjpwfRx}gRs}js}e 	 7R95ii%°RfRxif}PsPpj
Pj fRs}x}g,¬¯h9s}y  7}UR @ 6¯A Ui³i 0 jytJfRxrEfPjW-]rvuwjxcyPj«df9uGt`t'fRx " 7Ï @°njyvy`j
rEf}|Rs}jjUtJyjxrhRt'y`e}jjtJs}etJjUtPjsP·¹rK+fRy}jUtPe`f9uwyt°
K x¹jEÀYfRe`i³jpGhrEf}|Rs}j5PjpGhÀÈh5rEfRx%tJsPuw¬9h9xcyvj 
' tJf9uwyfRx%hL}Pp²uG|Cs}j5s}x}jÀYfRerEjfCxrEy`s}jEp{pjAh9sf9uwxPyrEjxPy`ehqpO¶Pu²pwfRyEh9gRjjxÀYfRerEj4QE~
' tJf9uwyfRxAÀYfRerEjpwj5jPpGhRrEjijxPy»Pj*rEjf9uwxPy#OÈPu{pwfRyh9gCj*jx%jPpGhRrEji³jxcy'QE°
õYö¥÷3õGø
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TOITURE cylindrique de SCORDELIS-LO (1964) - Domaine LINEAIRE
solution exacte
DKT
Argyris
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nfRiijfRs}e2pwjy`jUtJy}e}jUrNjUPjxcyq~}fRx,x ± jyvsCujA|Rs}jpwj%  UPjpGh%rEf}|Rs}j5jyfRxªÀÈhquwypj
rhqpGrEsPpfRs}eÐjhquGt`tJjs}etCu jevjxcy`jUt H  7 k @ERiijyH 0 7U @ 6ii%°
K x%t ± uwxcy}je`jUt`t'jx}fRyEh9iijxPy»­hpGhe`jEpGh9yJuwfRxªjxcyve`jpwj*jPp´hCrEjijxcyPsf9uwxPyrEjxcyvehqp¥Ó~
Psªf9uwxPypGh9y}jehqpn jypGh5ÀYfRerEjNfRxrEy`s}jEp{pwjh9}Pp{u´|Csjjjx¹Ó OYzg°NkKQ°
¨ jUte}jUtJsPpwyh9yEttJfRxPyrEfRihLe¢jUth9sP·%e}jUtJsPpwyh9ytÇfR©}y`jxPsth9e29ui³f 1wqk43jy ± h9s}y`e`jUt¾h9s}Ò
y`js}eEt° K x®evji«h9e|Cs}j«|Cs}ji,+ji³jNfRs}e*s}x!i«hqu{p{p´hLgRj«evjEp´hLyJuw¬RjijxPy*gRe`fPt`t¶uwje O jEp¼jijxPyt
¸ e`gRÂPeJuGtfCs% $®jEp¼jijxPytÄÅÆQ~CpwjUt¾e¢jUtJsPpwyhLyttJfRxPyy`fRs}y*­hÀÈhquwyt`h9y'u´tÀ½hquGt`hLxcytÃ°
Äh9xt5pwjbrhCt«Pjªp ± jh¯u´tvtJjs}eUH 0 ~¿pwjUtAe¢jUtJsPpwyhLyt«t'jºjgRehRPjxPys}xjs i«hquGtevjUtJy`jxPyuwxjNjx}h9xPytPjp ± jEp¼jijxPyzxPuÈ° K x%h9yvy`jEuwxcypwjUtp{uwi5uwy`jUtPsif}>­jEpwj»Pj*rEf}|Cs}ji5uwxrEj|CsPu
xjg9p{ugCj5pwjUt*j fRevytPjArvu´tvhqu{p²pwjijxPy«}h9xt¾p ± jhquGt`tJjs}eU~_cÂPfCy`3­jUtJj5x}fRx!¬¯hqpGh9©PpwjAfRs}e5PjUt
rEf}|Rs}jUt¾e`jEpGh9yJuw¬Rji³jxcy%jhquGt`t'jUtOYzg° $KQ°
xPzx~NfRs}erEfRiPpjyvjerEjUte}jUt'sPpyEh9yt~Px}fRsthq¬RfRxte`j}e}jUtJjxPy}jrvuwÒÈPjUt`tJfRstÇpwj5x}fRi5©}e`j
 ± uwy}jeh9yJuwfRxt3jySpwjy`jit_rhqpGrEsPptJs}eÔd6¯RxjUrEjUt`t`hquwe`jUtSNfRs}efR©}y`jxPuwepwjUttJf9pws}yJuwfRxt ± jU|CsPuwÒ
p{uw©}e`j*NfRs}epwjUtPjsP· rv}f9u{·  ± jEp¼jijxPyt4zxPu´th9s¬RfLu´tuxhLgRj*Pjf9uwxPytp{uwi5uwy`jUt~NfRsAfRs}epwjUt
rhRt¾Pjj * jE·PuwfRx%iAhq·cuwi«h¯pjR°
¨ jUte}jUtJsPpwyh9yEtot'fRxcyy`eU­jUtjs,tJjxt¶uw©PpwjUth9s%r`}fLu²·¹Pj2p ± jEpji³jxcyzxPuÈ°
õYö¥÷3õGø
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Deflection laterale (mm)
COQUE peu profonde (epaisseur 6.35mm) soumise a une FORCE PONCTUELLE au centre
Point lateral
Point central
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Deflection centrale (mm)
COQUE peu profonde (epaisseur 6.35mm) soumise a une FORCE PONCTUELLE au centre
Simo
Berg
Lock
Argyris 2elements
DKT 98elements
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Deflection centrale (mm)
COQUE peu profonde (epaisseur 12.7mm) soumise a une FORCE PONCTUELLE au centre
Simo
Argyris 2elements
DKT 98elements
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Rf9pws}yJuwfRx
jUtJyJuwijj
j * jE·cuwfRx
uwiNfctPjj
jEpwyzxPu uwy`jet r`h9evgRy nod
N )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N )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H=  ! J J$  ! CPG7 $O" FDE4C$L ! IE
njyjE·}jiPpwj*jUtJyrhLehRrEy}jeJuGtJyJuG|Rs}j*PjUt¾tJy`e`srEy`s}evjUtjEÀYfRe`i«hL©PpjUt¾|RsPu*jU|RsPuwNjxcypwjUttJÂ}tJÒ
yU­jijUtcÂ}Peh9sPp{uG|Cs}jUtPjUthLs}y`fRifR©Pu{pwjUt°}½p¥x}fRstuwxPy}jevjUt`tJjfRs}epwj}e`fC©Pp½­jij*Pj*rEfRs}PpGh9gRj
* sPuGPj ¯tJyve`srEy`s}e`jÐj¬Cf¢|Csojjx uwxcy`evf¢PsrEyJuwfRx°
K x]rEfRxtu´S­je`js}x]rvpGh9NjyhqÂch9xPyp´h2ÀYfRe`ij ± s}x]hLx}x}jUh9s«PpGh9yPjehqÂRfRxuwxcy}jeJuwjs}e 7
iiª~PjeEhUÂCfRx%jE·}y}je'ujs}e	<7U @E5ii jy* ± jhquGt`tJjs}eEHY71 @³ii%°_njy*h9x}x}jUhLs¹jUt'y
jx%hRrvuwjeyve`jijR~PPjif}PsPpj*Pj fCs}x}g 7 kR_IèRR,dhjyPj*rEfcjW-rvujxPyPj*df9uGt`t'fRx
" 7 @Orh9eEhRrEy}je'u´t'yJuG|Rs}jUtrEfCii5s}x}jUth9sP·%hRrvuwjetPjyve`jij4QE°
nj*rvpGh9jyjUt'ytJje`yJu¥tJs}ey`fCs}yÇt'fRxfRs}evy`fRs}euwxcy}jeJuwjs}eU~Pp{uGhquGtJfRx,|Rs}jx}fRst¾hRt`t¶uwi5u{pwje`fRxt
­h5s}x}j5rEfRxCuwyJuwfRx®h9sP·Ap²uwi5uwy`jUtPj*yJÂPjjxrhRt'y`e`jijxPyU°
Rs}eo5CuGt`|Rs}jUt¾PjehqÂRfCx/2ii CuGtJfctPjUte}jgRsPp{u½­je`ji³jxcytJs}eorEjyh9x}x}jUh9s~PfRxAh9}Pp{u´|Cs}j
s}x}j ÀÁfReErEj¹Pj}e`jUt`tufCx s}xPu{ÀYfRe`ijR°yh9xPy«PfRx}xjApwjUt«tJÂPijy`eJuwjUt5PjpGh®gjfRijy`eJuwjjy«Ps
rvh9e`gRji³jxcyU~fRx jy`sCuwj*tJjsPpwjijxPy5   $Ps%rvpGh9NjyU°
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Chargement (bars)
Clapet sous divers chargements
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force verticale
force verticale
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Chargement (bars)
Comparaison avec le code ABAQUS
DKT
Abaqus S4R
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¨ jUtgReEh9x}tjPpGhRrEjijxPytjypGh 
fRx}j ± h9}Pp{uGrh9yJuwfRxPsbrvh9e`gRji³jxcyjxcyveh4+  x}jxcys}x
rEfRs}PpGh9gCjjxPy`e`jpGhAe}jUt¶uGtJyh9xrEjjx * jE·cuwfRx,jy¾pGhe}jUt¶uGtJyh9xrEjjxªiji5©}eh9x}jR° K x®t ± uxPy}je`jUt`tJj
­hpGhAjEÀYfRe`ijjPs¹rvpGh9Njy O½zg°}KQotJfRst¾5yJÂcNjUtPjrvh9e`gRji³jxcy 
' s}x«j fRevyCue'ugjNje`jxCuGrEsPpÁhquwe`ji³jxcyh9s«rvpGh9NjyojxAfPt¶uwyJuwfRx«evjfct OÈj fRe`yhRt`tui/uÒpGh9©Ppwj ­h2pGh³gRehq¬Ruwy}j4Q~
' s}x%j fRe`yPj}e`jUtvt¶uwfRx OPfCxrx}fRe`i«hqph9s%rvpGh9jy'QOYzg°SUQ°
K x%rEfRih9e`jrEjUte}jUt'sPpyEh9yt­hrEjsP·]fC©}y`jxcsthq¬RjUrÇpwj»rEf}Pj ¸ Ó ¸ 2jyp ± jEpji³jxcy¿zxPu
Rc ORjEp¼jijxPy|RshCPeh9x}g9pGhquwe`jyJÂcNjrEf¢|Cs}j­hÀÈhRrEjy`y`jUtWQE°RdfRs}erEjyvjUtJyU~9fRx}evjxs}xrvpGh9jy
Pji³f¢PsPpwj«Pj fCs}x}g X7 }q IèRR³¹dhAjy*PjrEfPjW-]rvuwjxcyPjdf9uGt`tJfCx" 71 @}~NfCs}e
s}x}j®jhquGt`tJjs}e4H7  @}U2ii OYzgN°R4Q°
dfRs}e4rEj¾yÂPjPjtJy`evsrEy`s}e`jR~9fRx5¬Rf9uwy|Rs ± fRx5e`jUtJy`jrEfRje`jxcyhq¬RjUrPjUtif}>­jEpwjUte`fR©}stJyvjUt
y`jUt'y¢jUt}h9xtp ± uwxPstJyveJuwjR°
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¨ jUte}jUtJsPpwyh9yEt*fC©}y`jxcstAhq¬RjUr³pwj%if}S­jEpwj%Pj,rEf¢|Cs}jUtgjfRijy`eJuG|Cs}jijxcy5jE·hRrEyjy5pwjUt
jEp¼jijxPyt2zxPu´t³rh9e`y}jUt¶uwjxthRt`tJf}rvu¼jUtifRxPy`e`jxPyp ± uwxcy}je4+jyjyp´h!|Rshqp{uwy}j%Pj%rEjyÂPj% ± h9}Ò
}e`f}rv}j  |Rsh¯p²uwy}j%}sPuGt`|Cs ± s}x#©NfRxx}fRi5©}e`j®PjUtA}e`fR©Pp½­jijUtArvpGhRt`t¶uG|Cs}jUtx}fRx p{uwxojUhquwe`jUtPj
rEf}|Rs}jNjs}¬RjxPy +jy`e`je}jUtJf9pwsthq¬RjUrs}x}j©fCx}x}j}e¢jUrvuGt¶uwfRxAjy»­hs}xrEf>+s}yjxAy`jitPj»rhqpGrEsPp
eh¯u´t'fRx}xh9©Ppwj CuwxPy¢je4+jyrh9ep ± h9©tJjxrEj* ± hL}}e`fq·cuwi«h9y'ufCx«PjpGh*gjfRijy`eJuwjgch9ehLxcyJuwy¿p ± jE·hRrEy'uÒ
y`sPj5PjUtjEÀÁfCe`i«h9yJuwfRxtÃ~¢rEj5|RsPujUtJyx}fRyhLiijxPyo}e'ui³fReCuGhqpfRs}e¾p ± jy`sPj*Pj}e`fR©PpÈ­ji³jUt
 ± uwxPy`jehRrEy'ufCx * sPuGPjÒÈtJy`e`srEyvs}e`jR°
¨ jUt%PjsP·#h9}}e`fq·cuwi«hLyJuwfRxtA}e`fRNfctPjjUtt'fRxcy jgPhqpwjijxcyAe`fR©}st'y`jUtAjy%rEfRs}¬Pe`jxcys}x}j
pGh9e`gCjgPh9iij*Pj5}e`fR©PpÈ­jijUt° ¨± s}x}jjUt'yh9evyJuGrEsPp²uÈ­je`jijxPy*hR}h9}y}jj«­h5p ± jy`sPjPjUttJyve`srEÒ
y`s}evjUtgjfRijyveJuG|Rs}jijxPyt¶uwiPpwjUtorhLexjUrEjUtvt¶uwyh9xPyjs ± jEpji³jxcytO ¸ e`gCÂceJuGtWQE° ¨± h9s}y`evjojUt'y
}hq¬¯hLxcyhLgRjjUCu¼jj*­h¾p ± jyvsPjÇPjUtrEf¢|Cs}jUthLsP·*ÀYfRe`ijUtrEfRi³Pp²uG|CsojjUt¿xojUrEjUt`t¶uwyhLxcyPpwst ± jEp¼jÒ
ijxPytOJÄÅÆQ°
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